AP Calculus BC — Problem Drill 16: Indeterminate Forms, L’Hopital’s Rule, & Improper

Intergals

Question No. 1 of 10

Instructions: (1) Read the problem and answer choices carefully (2) Work the problems on paper as needed (3) Pick the
answer (4) Go back to review the core concept tutorial as needed.

Question #01

1. Evaluate the limit (if possible): lim sinx-x
X -0 x3
(A) O
(B) 1
6
© _1
6
(b) -1
(B) 1

Feedback on
Each Answer

B. Incorrect!
Remember you must check every time L'Hopital’s Rule is used whether or not the new limit is an
indeterminate form or not before using L’'Hopital’s Rule again.

B. Incorrect!
The derivative of cos x in the second step is -sin x not sin x so the sign will be negative 1/6 at the end.

C. Correct!
Good job, you needed to use L'Hopital’s Rule three times to obtain this result.

Choice
D. Incorrect!
Don't forget to include the denominator and be careful or the signs. Cos 0 = 1, so 1 -cos 0 = -1.
E. Incorrect!
Don't forget to include the denominator which is 6 when the final application of L'Hopital’s Rule is
applied.
To evaluate this limit we first identify the limit form. We note that as x — 0, x> » 0 and sin x - x — 0 so
we identify this as a 0/0 indeterminate form. Consequently, we can apply L'Hopital’s Rule. Hence,
d .
lim sinx—x  lim gy (SINX=X)
= ax_ 0
x>0 X x>0 i(xa)
dx
_lim  cosx -1
x>0 3x?
Once again, we notice that as x — 0, 3x> > 0 and cos x - 1 — 0 so this is still a 0/0 indeterminate form.
We can apply L'Hopital’s Rule again to produce
d 1
_lim g (COSX — )_ lim  —sinx
Solution x>0 i(3x2) x—>0 6x
dx

Once again, we notice that as x — 0, 6x — 0 and -sin x — 0 so this is still a 0/0 indeterminate form. We
can apply L'Hopital’s Rule again to produce

d .
_lim a(—smx) _lim —cosx
- o d B 0 6
X = E(GX) X =

Taking the limit yields
lim -cosx  cos0O 1

x50 6 6 6

Solution
lim sinx-x 1
X >0 x* 6
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Question No. 2 of 10

Instruction: (1) Read the problem and answer choices carefully (2) Work the problems on paper as needed (3) Pick the
answer (4) Go back to review the core concept tutorial as needed.

Question #02

2. Find the limit: ~ lim e
X o> 12 [tanx In(smx)]
(A) -1
(B) 0
1

(D) -cosxsinx
(E) The limit doesn't exist

Feedback on
Each Answer

A. Incorrect!
Don't forget to use the chain rule when differentiating In(sin x). The derivative should be (1/sin x)  cos
X.

B. Correct!
Nice work! You have identified this is a 0- o indeterminate form and then transformed it to a 0/0
indeterminate form so you can use L'Hopital’s Rule.

C. Incorrect!

Don’t forget we have In(sin x) not just sin x. This would become cos x when differentiating and then
when L'Hopital’s Rule is applied you would obtain the limit of sin x which leads to 1 once the limit is
taken.

Choice
D. Incorrect!
Don't forget to take the limit after applying L'Hopital’s Rule.
E. Incorrect!
You would get this answer if you applied L'Hopital’s Rule to the product tan x ' In (sin x). Remember
L'Hopital’s Rule only applies to 0/0 or oo/co0 indeterminate forms. You must change to one of these forms
before applying L'Hopital’s Rule.
To evaluate this limit we first identify the limit form. We note thatas x - 7, tan x - o and sin x — 1
2
so In(sin x) — 0 so we identify this as a 0-c indeterminate form. Consequently, we first transform this
to a 0/0 or oo/ form so we can apply L'Hopital’s Rule. Hence, using tan x = 1/cot x the limit becomes
lim . lim In(sinx
[tanx -In(sinx)] = In(sinx)
X - /2 X — z/2| cotx
Now as x — %, cot x — 0 and In(sin x) — 0 so this is now a 0/0 indeterminate form. Applying
2
L'Hopital’s Rule produces
d | . 1
lim l:ln(sinx)} lim d—x(n(smx)) sinx cOsX
— = = 5
X - z/2| cotx X - 7/2 i(cotx) -csc? x
dx
Solution
Simplifying using the fundamental trigonometric functions yields
lim cosx sin® x lim .
= . = [-cosxsinx]
X = /2| sinx 1 X > /2

Now take the limit.
lim

. ”/2[— cos x sinx | = —cos(z/2)sin(z/2) = -(0)(1) = 0

Solution:
lim

X > /2 [tanx -In(sinx)] =0




Question No. 3 of 10

Instructions: (1) Read the problem and answer choices carefully (2) Work the problems on paper as needed (3) Pick the
answer (4) Go back to review the core concept tutorial as needed.

Question #03

3. Evaluate: lim 1+3X_£
X >0 sinx x

(A) O
®

2
(C) -3
(D) 3
(E) o

Feedback on
Each Answer
Choice

A. Incorrect!
o — oo # 0. Also, be careful when checking the limit after using L'Hopital’s Rule that you obtain 0/0 and
not just 0 in the numerator.

B. Incorrect!
Be sure when you use L'Hopital’s Rule for the final time that you differentiate 1as 0 not 1.

C. Incorrect!
Be careful the derivative of sin x is cos x not —cos x.

D. Correct!
Outstanding! You have successfully used the algebraic process of finding a common denominator to
change this limit to a 0/0 indeterminate form allowing L'Hopital’s Rule to be applied.

E. Incorrect!
Remember as X — 0" then 1/X — oo not 0 and we don't have © - 0 = co.

Solution

We first note that (1+3X)/SinX — oo and 1/x —was X —0". Hence, we have an
oo — oo indeterminate form. Using the common denominator of xsinx we transform this limit to

lim [1+3x 1| lim [x(1+3x)-sinx |
X —>0"]sinx x| x->0 X sinx

Simplifying produces

x —0"

lim | x +3x?-sinx
xsinx

We now note that asx — 0", 3x?> — 0%, and sinx — 0" which means we now have a 0/0 indeterminate
form. Applying L'Hopital’s Rule produces

lim {x+3x2—sinx} lim [ 1+ 6X — COS X }

X — 0" X sinx x> 0'|1-sinx+ x-cosx

X -0

lim 1+6x —Ccosx
Sin X + X Cos x

Again, we notice that asx — 07,1+ 6xX —cosX — 0" and sinx + xcosx — 0" so we still have a 0/0
indeterminate form. Consequently, we apply L'Hopital’s Rule again to produce

_lim 6 +sinx
X —> 0" cosx +1-cosx + x-(—sinx)
_lim 6 +sinx
X > 0" 2cosx — xsinx
Taking the limit yields

_ {&} _8_,
20)- (0)(0) |~ 2

Solution

lim 11+3x 1 _3
X >0 sinx x




Question No. 4 of 10

Instructions: (1) Read the problem and answer choices carefully (2) Work the problems on paper as needed (3) Pick the
answer (4) Go back to review the core concept tutorial as needed.

Question #04

4. Evaluate:

lim
X —>0"
(A) 0
(B) e
(C) =
(D) -1
(E) 1

Feedback on
Each Answer

A. Incorrect!
Be sure you don’t missing taking the final step of determining that actual limit and not just the limit of
the logarithm of the function.

B. Incorrect!
The limit of (1 + x)¥* as x — 0 is equal to e so this cannot be true.

C. Incorrect!
Be careful to simplify the final quotient correctly to -x and not -1/x.

Choice D. Incorrect!
Be careful that you differentiate 1/x accurately as -1/x? not 1/x? or the sign will be incorrect.
E. Correct!
Well done! You have mastered the logarithmic requirements to produce a 0/0 indeterminate limit form to
which L'Hopital’s Rule can be applied.
We first note that as X — 0" we clearly have an 0°indeterminate form. We use logarithms to transform
this limit. To do this we assume the limit exists and is equal to y. That is,
_lim N
X -0
We now take the natural logarithm of both sides. That is,
lim
Iny =1In L X"
X >0
Using the algebra of limits and continuity allows this to be simplified to
lim
Iny = [Inxx]
X —0"
Using the logarithm property Ina® = pIna this becomes
lim
Iny = [ xInx]
X >0
Writing this as a quotient yields
lim |Inx
y = N e
X -0 VYx
Solution

Consequently, the limit is now a 0/0 indeterminate form. We apply L'Hopital’s Rule to produce

ny:xli:qo*{llr/]_:}ZXITO*{%}ZXTTO*[_X]

Iny = fim [-x]=0

X —>0"
Taking e of both sides to find y leads to

Taking the limit produces

e =y=e"=1

That is,
lim
y = L x =1
X -0
Solution
lim

x* =1
X >0




Question No. 5 of 10

Instructions: (1) Read the problem and answer choices carefully (2) Work the problems on paper as needed (3) Pick the
answer (4) Go back to review the core concept tutorial as needed.

X

5. Find: i 3x
in lim [1 2)

X —> ©

i (A) e°
Question #05 (B) e

(C) -6
(D) 1
(E) o

A. Correct!
Nice job! You have correctly determined the indeterminate form as 1* and accurately applied logarithmic
techniques.

B. Incorrect!
Be careful to correctly interpret the find result of taking the limit and the exponent laws. Remember, e
=1/ e®.

Feedback on C. Incorrect!
Each Answer Make sure you complete the final step of finding the limit required and not the logarithm of the limit.

Choice D. Incorrect!
This is an indeterminate form since if you attempt to take the limit directly the result is 1%, so
indeterminate techniques must be employed since the limit can not determined directly.

E. Incorrect!

Be careful not to misinterpret the limit. This is an indeterminate form since if you attempt to take the
limit directly the result is 1*, so indeterminate techniques must be employed since the limit can not
determined directly.

We first note that as x — o, 3x — o but 2/x — 0 and we clearly have an 1” indeterminate form. We
use logarithms to transform this limit. To do this we assume the limit exists and is equal to y. That is,

lim ( 2]‘”
y = 1-=
X — © X

We now take the natural logarithm of both sides. That_ is,

. 3x
Iny:ln{ lim (1—£j
X —> X

Using the algebra of limits and continuity allows this tE) be simplified to

. 3x
Iny = lim {In(l—gj
X —> ®© X

Using the logarithm property Ina® = plna this becomes

Iny = lim {BXIn[l—Eﬂ
X — © X

Pulling the constant 3 out and writing this as a quotient yields

lim {In(l— 2/x)}

X — © 1x

Iny =3-

Consequently, the limit is now a 0/0 indeterminate form. We apply L'Hopital’s Rule to produce

Solution
iy 3. im [In-2>)]_ . lim [V@a-2/x)][2/x]
Y S 1x T x50 -1/x?
2/x?
lim | 1-2/x) lim { 2 xz}
=3. M=4X)|_ 3. s X
X > o] -1/x? X > oo x}(1-2/x) 1

B lim 1
- x—>oo[(l—2/x)}
Taking the limit produces
lim 1
I [ R CR
Taking e of both sides to find y leads to
elny — y — e—G

lim ( 2}3)( 1
1-—| ==
X —> © X e

Solution




Question No. 6 of 10

Instructions: (1) Read the problem and answer choices carefully (2) Work the problems on paper as needed (3) Pick the
answer (4) Go back to review the core concept tutorial as needed.

6. Evaluate the improper integral: Lwln_;( dx

X

: (A) -oo
Question #06 (B) o

() 0
(D) 1
(E) -1

A. Incorrect!
Check your integration. Also, a negative would suggest that the area under the curve f (x) = (In x)/x? is
infinitely negative!

B. Incorrect!
You should notice that the function (In x)/x? is continuous on [1, o) which is an infinite or unbounded
interval. Consequently, this is an improper integral of Type 1 — Case 1. Check your integration.

Feedback on C. Incorrect!

Each Answer This answer is suggesting that there is no area under the curve f (x) = (In x)/x2. A sketch of the curve
Choice should reveal this is not true. The question really is “Is this area infinite or finite?”

D. Correct!
Outstanding! You have correctly identified this as a Type 1 - Case 1 improper integral problem.

E. Incorrect!
Be careful to carry the negative sign through the integration process. Also, a negative would suggest
that the area under the curve f (x) = (In x)/x? is negative!

To evaluate this integral (if it can be), we first identify the type of improper integral problem. Since the
integral is to be determined over the infinite (unbounded) interval [1, o) and the integrand (In x)/x? is
continuous on the interval [1, o) we identify this as Type 1 - Case 1 improper integral. If the improper
integral converges the limit will exist and will be a finite number. Since this integral is a Type 1 - Case 1
improper integral we have

oolnx _lim J- Inx
L x? T co oo
We next evaluate the indefinite integral (Omitting the constant of integration).

lix J[Inx —} dx

We integrate this integral using integration by parts with v = In x, du = 1 Ldx, dv = 1 dx,and v =
2

e -l £--£) o

x
X |~

Inx ~ Inx x*
SR (G Kb
__Inx 1
T ox  x

Solution Hence

x° CHw x° cC—o o

We evaluate this using the Fundamental Theorem of Calculus

S )
- (e
[ O o

The remaining limit is an co/o0 indeterminate form so we apply L'Hopital’s Rule

_ lim ( Incj 0.g. M [ 1/Cj+l 0+1=1

J-lxlnx dx = lim LCInX dx lim {_Inix_l}

Taking the limit produces

C—> ® c C—>®
The integral is convergent.

Solution
«lnx

x°




Question No. 7 of 10

Instructions: (1) Read the problem and answer choices carefully (2) Work the problems on paper as needed (3) Pick the
answer (4) Go back to review the core concept tutorial as needed.

7. Evaluate (if possible): [~ _& dx
=1+ e
(A) z/2
Question #07 (B) —x/2

(C) z/4
(D) ©
(E) o

A. Correct!

Feedback on
Each Answer

Nice job, you have identified the type of improper integral problem as a Type 1 - Case 3 improper
integral since the integrand (€*)/(1 + e*) is continuous on the interval (-, ©).

B. Incorrect!
Be careful of your signs particularly when integrating and then recombining the two integrals.

C. Incorrect!
Remember the original integral by definition consists of two improper integrals. The values of these two
integrals must be added to determine the value of the original integral.

D. Incorrect!

Choice This suggests that you think that the e dominates but the functions are defined on the infinite interval
(-0, ) so it cannot be determined what the value is without using improper integral methods. This is a
Type 1 - Case 3 improper integral.
E. Incorrect!
This suggests that one of the improper integrals is divergent. You need to check your integration and the
values of those integrals when applying the Fundamental Theorem of Calculus. Both integrals are
convergent and hence the original integral is also convergent.
To evaluate this integral (if it can be), we first identify the type of improper integral problem. Since the
integral is to be determined over the infinite (unbounded) interval (-c0, ) and the integrand
(e9)/(1 + e*) is continuous on the interval (-, o) we identify this as Type 1 - Case 3 improper
integral. If the improper integral converges the limit will exist for both the improper integrals that form
this integral and will be a finite number. Since this integral is a Type 1 - Case 3 improper integral we
have using the convenient choice a = 0,
v e lim o e lim c e
_[ 2x dX = _[ 2x dX + _.- 2x
~1l+e C—H—o *cl+e C—H>w l+e
We need to first integrate the indefinite integral (Omitting the constant of integration.)
X X
| © wax = | € dx
l+e 1+ (eX)
We integrate by substitution and letting u = €%, so du = €* dx. The integral now becomes
e* e* du
j —dx = j ~dx = J’ .
1+e 1+ (ex) 1+u
Integrating by using u = tan 8 with du = sec?8 d, and the trigonometric identity 1 + tan?6 = sec’8
yields
. du sec’ 6do sec’ 6dé
Solution | = = =[do=0

1+u® ‘1+tan’e sec? 0
We now need to reintroduce u using u = tan 8 or 8 = tan™(u). But u = €~ allows the reintroduction of x.
Consequently,

J' € gx - Jlfiﬁ =tantu =tan* (ex)

1+ e¥
Now evaluate each of the integrals making up original integral separately
lim o e* lim 0 lim T V1
— dx = tan(e¥)| = tan'(e’) -tan*(e‘) |==-0==
Cc — —o J.c1+e2X C—>7c>o[ ( )Jc C—>700|: e ( )J 4 4
and
lim b e lim b lim T T
— _dx= tan(e¥)| = tan'(e?) -tan(e”) |= = -= =2
b—)oo~[01+ezx b—>oo[ ( )Jo b_m[ e ( )] 2 4 4
Putting the two integrals together shows that the original integral is convergent and
v eX lim 0o e~ lim c e* T T 7
[fa o 0 [fm o T Liie 00573
=14+ C— - cl+e” cC—>ow 01l+e™ 4 4 2
Solution




Question No. 8 of 10

Instructions: (1) Read the problem and answer choices carefully (2) Work the problems on paper as needed (3) Pick the
answer (4) Go back to review the core concept tutorial as needed.

Question #08

8. Determine the convergence conditions in terms of p for the following integral.

I
0 xP

(A) The integral is convergent for all values of p.

(B) The integral is divergent for all values of p.

(C) The integral is convergent for p > 1 and divergent for p < 1.
(D) The integral is divergent for p > 1 and convergent for p < 1.
(E) The integral is divergent for p > 1 and convergent for p < 1.

Feedback on
Each Answer

A. Incorrect!
Be careful to take into consideration the effect on the integral of the exponent p whenp <1, p =1, and
p > 1. Consider the p = 1 case first and you will see that the corresponding integral diverges.

B. Incorrect!
Be careful to take into consideration of the effect of the exponentp whenp <1, p=1,andp > 1.
Consider the simple case when p = 2 case and you will see that the corresponding integral converges.

C. Incorrect!
Be careful that you interpret the resulting integral cases correctly in terms of convergence and

Choice divergence.
D. Correct!
Outstanding! You have recognized this as a Type 2 - Case 2 improper integral problem. Further, you
have discovered that important effect on the integral of the exponent p whenp <1, p=1,andp > 1.
E. Incorrect!
Be careful not to forget the important but simple case of when p = 1.
To determine convergence for this integral we first must determine the type of improper integral
problem that this represents. Since the integral is to be determined over the interval (0, 1], and the
integrand 1/x” is continuous on the interval (0, 1], we identify this as Type 2 — Case 2 improper integral.
In terms of p we can consider three different scenarios that affect the integral due to p being the
exponent on x. These scenarios are whenp =1, p < 1, and p > 1. We will consider each of these cases
separately. First, suppose p = 1, the integral becomes
11 11 11 im 1
—dx:j—ldx:j—dx= 'f—dx
o x* o X o X c—>0"cx
Integrating produces
lim 1 lim lim
= [In|x|] = [In1-Inc]= [-Inc]=w
c—>0" c c—>0 c—>0"
Consequently, we see that the integral diverges when p = 1. Now suppose the p # 1,
11 Lo, Iim @ >
I—dx:fx dx = '[x dx
0 xP 0 c—> 07
Integrating produces
Soluti lim J-lep dx — lim [ x?2 T _lim et P
ofution c—>0 e c—>0|-p+l], c—>0[-p+1 -p+1

_lim 1 1 1
c—>0|1-p 1-p c"!
If p < 1, then when the limit is taken, 1/¢°! — 0, and we have convergence. Consequently,
lim
jlx’” dx =1
c—>0"

c 1_p

If p > 1, then when the limit is taken, 1/¢°"! — o0, and we have divergence. Consequently,

lim
jlx"’ dx =
c—>0"
Solution

. 1 ifp<1

lim ¢ —

xP dx=491-
c—0 L P

0 ifp>1




Question No. 9 of 10

Instructions: (1) Read the problem and answer choices carefully (2) Work the problems on paper as needed (3) Pick the
answer (4) Go back to review the core concept tutorial as needed.

Question #09

dx
Ix -1

9. Evaluate: J’Z
0

(A) 3/2
(B) 0
(©) -3/2
(D) o
(B) 1

Feedback on
Each Answer

A. Incorrect!
Two improper integrals make up this improper integral. Make sure you add the results of each of these
integrals to determine the final result. This answer is the answer to one of the improper integrals.

B. Correct!
Well done, you correctly identified this as a Type 3 — Case 3 improper integral. An improper integral can
converge to 0.

C. Incorrect!
Two improper integrals make up this improper integral. Make sure you add the results of each of these

Choice integrals to determine the final result. This answer is the answer to one of the improper integrals.
D. Incorrect!
This suggests that one of the integrals that this integral consists of is divergent. You need to check your
integration and evaluations when using the Fundamental Theorem of Calculus.
E. Incorrect!
Check your integration that you have integrated correctly an not omitted the constant that comes from
dividing by the exponent.
First, we observe that the integrand in the interval [0, 2] has a discontinuity at x = 1. Therefore, we
identify this as a Type 3 — Case 3 improper integral problem. Consequently, ¢ = 1 and the integral
becomes
IZ _ Jl d +J2
°Yx -1 ¥Y¥x-1 " Yx
or
J~2 lim lim J-z dx
0«3/ “1 to1 r—>1*1§/x_1
We now consider the following indefinite integral (Omlttlng the constant of integration).
Letting u = x - 1 and du = dx we have
1
j J[u 3}1u
Integrating and replacing u W|th u=x-1 produces
2
1 3 2
[lubu =2 = 3(x -1 = 2gfx -1y
2/3 2 2
We now evaluate each of the improper integrals using the Fundamental Theorem of Calculus, that is
lim ¢ dx lim [3 zt3lim[ 2 2}3[ 2 2}3 3
; = ZY(x-1) | == -1 —g(o-1) |==-13(0) =g(-1) |==-[o-1]=-=
Solution I TR e e S E Gt (CRTi B M EDR (ST R HIEE

and

S T 3 T [

We now recombine the integrals. Consequently,

J~2 _ J-l X .f ||m .ft dX + I|m J'Z dX _ _§+ E -0
oYx -1 T¥Ux-1 1%/x 1 tothdx1 rovhd1 272

Hence, since both limits exist (both integrals converge) the improper integral converges.

Solution




Question No. 10 of 10

Instructions: (1) Read the problem and answer choices carefully (2) Work the problems on paper as needed (3) Pick the
answer (4) Go back to review the core concept tutorial as needed.

Question #10

10. By performing a suitable convergence test what can be said about the convergence or divergence
of:
J‘ff/Z dx
0 43X +sin2x

(A) Converges for all real x.
(B) Diverges for all real x.
(C) Converges for all x in the interval [0, z/2].

(D) Diverges for all x in the interval [0, z/2].
(E) Converges when x is in the interval [0, z/4] and diverges when x is in the interval [ z/4, z/2].

Feedback on
Each Answer
Choice

A. Incorrect!
Be careful to identify the interval that you are applying the convergence test to as it cannot be applied
unless all the conditions of the test are satisfied. Identify these conditions first.

B. Incorrect!

Be careful to identify the interval that you are applying the convergence test to as it cannot be applied
unless all the conditions are satisfied. Also, check the convergence result for the integral you are using
as a comparison.

C. Correct!
Well done, you identified the Direct Comparison Test to use and the integral of the function you need to
use as a comparison.

D. Incorrect!
Check the convergence result for the integral you are using as a comparison.

E. Incorrect!
Identify the convergence tests you should use as the Direct Comparison Test and the correct function
that needs to be integrated for the comparison. This should be g(x)=1/v/3x -

Solution

To test for convergence we can use the Direct Convergence Test which states that if two functions f and
g are continuous on a closed interval [a, b] and 0< f(x) < g(x) for all x in [a, b], then

Lbf(x)dx converges if ng(x)dx converges

For this case a = 0 and b = 7. Also since, sin 2x = 0 when 0 < x < 7 then we choose
2 2
1 1

900 = and 0= X

and see that 0< f(x) < g(x) when 0 < x < 7. Consequently, the Direct Comparison Test can be applied.

2
We first check the convergence the Type 2 - Case 1 improper integral

7/2 dX ||m 7/2 -1/2 I|m z/2 -1/2 -1/2 1 ||m 7/2 Y2
—_—= 3 dx = 3 dx =—- d
IO [3X c - O+ -[c ( X) X (oY OJr J.c ( ) (X) X \/§ Cc— 0Jr jc (X ) X

Integrating using the Fundamental Theorem of Calculus produces

. . /2 .

1 lm w2, 1 lim | x¥2 2 lim /2
- X¥)dx =—=- — == X
J3 ¢ —0° I ( ) J3 -0 |12 \/§c—>0*[ Jo

c

Taking the limit yields

2 lim T 27
V3 c—>0{ 2 \/—} 3

We conclude that
/2 dx

0 J&

converges

dx

72 dx
\/ﬁ +sin2x

So by the Direct Comparison Test since J’

/2
converges then J'
0 3X 0

converges

J'”/2 dx
0 \/& +sin2x

Solution converges




